Abstract. A physical model of low-velocity probe penetration is developed to characterize soil by type, strength, maximum compaction, and initial density using Newton's second law to describe the processes controlling probe momentum loss. The probe loses momentum by causing soil failure (strength), accelerating and compacting soil around the probe (inertia), and through frictional sliding at the probe/soil interface (friction). Probe geometry, mass, and impact velocity influences are incorporated into the model. Model predictions of probe deceleration history and depth of penetration agree well with experiments, without the need for free variables or complex numerical simulations.
Introduction
Determining the near-surface soil properties (strength, density, compaction, type or texture) of planets, comets, and inaccessible or denied regions on Earth is of high interest to planetary scientists and military planers. Planetary scientists are interested in understanding the formation processes of planets and comets and in planning for landed missions, while military planners and engineers have a need to know the state-of-the-ground in regions where military operations may be conducted, but are too remote or dangerous to visit. Analysis of low-velocity probe deceleration (equivalent to a negative acceleration) is the most practical method to remotely determine ground state. In this paper, we present a theory of low-velocity probe penetration in soil that is based on a physical understanding of the processes observed from a variety of experimental results. Derived soil properties include strength, density, maximum compaction, and type or texture from which it may be possible to estimate the soil resilient modulus for subgrade soils, an important parameter for pavement design and evaluation.
The lack of a physics based interpretation theory, where each of the acting mechanisms is identified and determined separately, limits the accuracy of interpreting low-velocity probe measurements. Interpretation of probe measurements can be accomplished using numerical methods or penetration theories that can be purely empirical, empirical with physical elements, or purely physical. Numerical approaches using finite-element, finite-difference, smoothed particle hydrodynamics or other methods solve the continuity, momentum and energy balance equations of continuum mechanics in conjunction with an appropriate constitutive representation for the target soil properties. These first-principles techniques can accurately simulate a penetration event when the target and probe properties are well defined, but backing out soil properties from a probe deceleration record is difficult because the effects of soil behavior, inertia, and probe properties are mixed during computation. Estimates of soil properties require computationally intensive, non-unique, "guess and check" methods.
Empirical models are based on experimental correlations of parameters such as penetration depth, crater volume, impact velocity or momentum, probe geometry, or other measurable quantities and generally offer little insight to the physical processes that are occurring [1, 2] . Empirical models with physical elements are generally analytical models that provide correlations like those from empirical studies, but introduce relations between parameters of the system on the basis of physical requirements. The best known such relation is a resistive force that is a function of the projectile velocity where the coefficients are associated with frictional and added mass effects [1] . While better than empirical models, these models are also not well suited for inferring target properties from penetration measurements because their coefficients are essentially free parameters set through correlation with experiments.
A purely physical approach uses experimental observations to guide the formulation of an ideal model of the processes that produce resistance forces on a probe. Existing physical models generally over simplify the deformation geometry and do not include all relevant physics [3] [4] [5] [6] . Comparisons of data with theoretical predictions using current physical models indicate that the models underestimate the importance of added mass (compacted soil that moves with the probe) effects, by a factor of five [7] .
Identification of soil type can be accomplished by examining the unique probe deceleration-depth curve pattern that occurs for different soil types (Fig. 1) . In frictional soils, probe deceleration increases with penetration depth to a peak value and then drops rapidly to zero because of increasing soil strength and density with depth. Probe deceleration in cohesive soils initially increases from zero to a constant value when soil strength is constant as a function of penetration depth. Coarse materials will cause rapidly varying deceleration spikes whose amplitude and frequency are related to particle size and spacing [8] . Mixed materials, consisting of coarse particles imbedded in either cohesive or frictional materials, produce a probe deceleration signal that contains aspects of each of the constituent material types.
Available data indicate that at ordinance velocities penetration resistance forces can arise from the failure and compaction of the initially undeformed soil, added mass effects, soil particle comminution, friction between the probe and soil, and failure within the compacted soil region [1, 9, 10] . Furthermore, the shape of the probe tip determines the geometry of the zone of compacted soil around a probe and partition of importance of the controlling mechanisms.
For penetrators with small cone half-angles (θ < 45 • ), mass compaction is generally normal to the surface of the cone producing a conically shaped compaction surface around the conical tip ( [11] and the current study). However, for larger cone half-angles, shear stresses in the zone of compacted soil may cause a shear failure through the compacted soil producing a conical plug of soil with a cone half-angle of about 45
• in front of the penetrator [10] . When this occurs, quantitative interpretation of the penetrator deceleration signal is not practical.
Theory of low-velocity penetrator deceleration in soil
The change in momentum of a penetrator impacting soil is described using Newton's second law stated as
where the change in momentum of the penetrator with time is dP p /dt and the friction force per unit surface area of the penetrator is dP µ /dt. The force per unit area due to the inertia and strength of the impacted soil is given by dP I /dt and dP σ /dt. Friction and inertia forces act against the penetrator surface area, S p , while soil failure occurs against the outer surface of the compacted soil, S c , which define the integration surface areas for Eq. (1). Momentum change of a penetrator from soil inertia occurs as fractured or disaggregated particles, created during the soil failure process, are accelerated and compacted by the penetrator until reaching a final locked density and is given by
where sp dPI dt n ds refers to the inertia momentum change directed normal to the penetrator surface and sp dPI dt ds is the inertia momentum change directed along the penetrator axis. The mass of the compacted soil is m c and v c = v p sinθ is the velocity of the compacted soil normal to the penetrator surface were θ is the cone half-angle and v p is the penetrator velocity. The velocity of the compacted soil is assumed to be constant with respect to S p for the derivation given in this paper. This will be changed to account for the decrease in particle velocity as a function of radial distance from the penetrator surface in a future version of the model.
In the model, soil strength is represented as cohesive or frictional. Cohesive soil strength produces a constant resistance to momentum as a function of depth, but frictional soils (e.g., a Mohr-Coulomb material) produce an increasing resistance to penetration with depth because of the weight of overlying layers. Momentum change from soil strength is given by
where A c is the surface area at the interface between the compacted and uncompacted soil and
where σ c is the cohesive strength of the soil, K 0 is a ratio of horizontal to lateral pressure, Q is the horizontal pressure, and ϕ is the soil internal friction angle. Q is a depth dependent function given by
where ρ 0 is the soil initial density as a function of depth Z p , g is gravitational acceleration, and Z p is the depth of penetration. The strength term is of the form of a Mohr-Coulomb material, but is used in our formulation to fit the soil strength derived from the penetrator analysis. Frictional sliding acts along the interface boundary between the penetrator and compacted soil. The momentum change due to friction depends on the normal force acting on the cone surface, which is the sum of the momentum change from inertia and strength, and the coefficient of friction, µ. The friction momentum change directed axially along the penetrator is Probe penetration into soil occurs in four stages. In stage 1 the cone first engages the soil compacting it and adding its mass to the penetrator nose. In stage 2, the cone becomes buried in the soil and some of the compacted soil begins to slough off of the cone. During stage 3 the probe aftbody is entering the soil and full burial of the probe aftbody defines the start of stage 4 penetration (Fig. 2) .
Using the formulations for momentum change, strength, and friction given in Eqs (2), (3), and (6) and calculating the compaction zone around the cone in terms of Z p for each of the four stages of probe penetrations gives
The subscript numbers indicate the penetrator stage for which the equation is valid, definitions for the parameters
, and A BC3 are given in Appendix A. The V and A parameters represent volume and area of the compacted soil over the region defined by the subscripting letters as shown in Fig. 2 . The average compaction of the soil around the penetrator is given by β = 1 − ρ0 ρ f , where ρ f is the average final density of soil in the zone of compaction (Fig. 2) . Recursion relations derived from Eqs (7)- (10) for calculating the penetrator forward velocity (v p+ ) as a function of time from the current penetrator velocity (v p ) are given for penetration stages 1-4 by
where ∆t is the time step and M p is the penetrator mass.
Comparison of model calculations with experiment
Depth of penetration experiments were conducted using a spring-loaded "gun" to fire 0.051-m diameter, 8-kg projectiles with 30
• half-angle conical tips at speeds of up to 15 m/s for comparison with model predictions. The properties of the target soil shown in Table 1 were characterized using standard geotechnical testing methods [12] . The maximum density for the soil was determined from a dynamic compaction test and is the maximum density that the soil can achieve without comminution of soil grains or vibration densification. The fractional maximum density range was determined by dividing the maximum density by the mineral soil particle density (2660 kg/m 3 ). The initial tests were conducted without a mounted accelerometer on the projectile. Consequently, comparison is to depth of penetration with model calculations. The initial soil density and soil internal friction angle from Table 1 were used as initial input data for the model. The average compaction coefficient (β) was varied until the model predicted depth of penetration of an 8-kg, 0.051-m-diameter penetrator with a 30
• conical half-angle and an initial speed of 15.2 m/s matched the measured depth of penetration (0.29 m) of the actual penetrator. A soil K 0 = 0.5 was used for the strength factor, which is generally considered to be the maximum lateral pressure exerted by a soil, and the friction coefficient µ = 0.3 was used for the steel/sand interface. Table 1 and β = 0.016.
The calculated total penetrator acceleration and the partition of the acceleration into the contributions from soil strength, friction between the penetrator and soil, and inertia associated with soil particle acceleration during soil compaction are shown in Fig. 3 for the case of β = 0.016. The table of calculated depth of penetration results and the associated final and fractional final densities (the fractional density is the ratio of final density to solid soil mineral density (ρ f /ρ s ) for a range of β values from 0.26-0.016 are given in Table 2 .
The results shown in Fig. 3 indicate that soil strength contributed very little to the overall penetrator deceleration (negative acceleration). This is reasonable since the strength of a frictional soil, without cohesion, depends strongly on lateral soil pressure (Equations (4) and (5)), which is zero at the surface and very low at the shallow depths associated with our penetrator tests. The majority of penetrator deceleration was caused by soil inertia with some additional contribution from friction. The model calculated penetrator deceleration shown in Fig. 3 has the same general shape as the deceleration for a frictional soil shown in Fig. 1a . This implies that the model physics is capturing the general characteristics of penetrator deceleration in frictional soils.
The results given in Table 2 indicate that the model calculated depth of penetration matches the experimental values for β = 0.016 with corresponding average final density of 1758 kg/m 3 (the boldfaced numbers). The average final density compares well with measured maximum densities for the soil of 1778-1810 kg/m 3 (Table 1) indicating that given the initial soil density, soil internal friction angle, and penetrator depth of penetration the model accurately predicts the compaction density. Conversely, the depth of penetration can be predicted when the final compacted density is known.
The ability of the model to calculate the correct form of penetrator deceleration for a frictional soil (compare Fig. 3 with Fig. 1a) and accurately predict the depth of penetration using actual soil properties without arbitrary fit parameters indicates that the model contains reasonable physically based algorithms. This is the hallmark of a physically representative model that is needed to interpret penetrator performance in soil to determine soil properties.
Soil properties from low-velocity probe deceleration
The limits of using a low-velocity probe to determine soil properties depend directly on the accuracy of the physical penetration model, deceleration measurement resolution, and our understanding of the relationship between soil properties and probe deceleration. It is not possible to accurately characterize soil properties without a physical model because of the combination of effects from the probe (geometry, cone half-angle, mass, impact velocity) and soil (initial density, strength, compaction, probe/soil friction, particle size) that affect probe deceleration. To extract soil properties information from the probe deceleration record requires that the effects of the probe and soil must be distinguishable from each other. The physical model can separately account for the probe effects, which are uniquely known, and inertia, allowing interpretation efforts to focus on the soil. However, even with an accurate physical model, it is not possible to uniquely characterize soil properties without further reducing the number of unknown variables by bringing additional information into the interpretation process. This includes using the unique penetrator deceleration histories associated with different types of soils, as shown in Fig. 1 , to identify soil type. It also includes using the maximum fractional density of random close packed particles, 0.6, to help constrain the compaction coefficient.
From the results shown in Fig. 1 , it is apparent that by observing the general character of the probe deceleration record it is possible to identify the general soil type, hence its texture. A cohesionless frictional soil produces a continuously increasing probe deceleration with depth, as the soil strength increases with increasing overburden, to a maximum value and then rapidly decreases to zero as the probe comes to rest (Fig. 1a) . Probe deceleration for a cohesive soil increases to a constant value until the probe stops (Fig. 1b) . The magnitude of the cohesive strength is indicative of the type of cohesive soil (clay, wet sand or silt, sandstone). As soil coarseness increases, or small particle gravels are encountered, acceleration of individual particles can be seen in the probe deceleration record (Fig. 1c and d) . The size and mass of the particles are related to the magnitude and spacing of the deceleration peaks of the penetrator (Fig. 1c, d , and e).
A knowledge of particle packing behavior can be used to limit the range of expected maximum fractional density of compacted soil to slightly more than 0.6, the maximum random close packing of spheres, or less unless particle comminution or vibration occurs [13] . Evidence of this limit on soil particle packing is given in the test results of Table 1 for the fractional maximum density range of the soils used in the current tests and the model derived maximum fractional density of 0.66 from the dynamic test results (Table 2) .
Resilient modulus of subgrade soils is an important factor in pavement design and mobility analyses that are typically evaluated using simple empirical relationships with CBR values. Studies have indicated that both the resilient modulus and CBR are related to the undrained soil shear strength, hence to each other [14] [15] [16] . This implies that a relationship between probe derived soil strength and the resilient modulus and CBR should exist, providing a pathway from soil properties derived from low-velocity probe measurements to the resilient modulus and CBR.
Conclusions
A physically based model of low-velocity probe penetration into soil was developed using the essential factors that control probe deceleration through transference of probe momentum to the soil. Probe momentum is lost to soil failure processes at the outer edge of the zone of compacted soil around the probe (soil strength), compaction and acceleration of the soil particles after failure (soil inertia), and sliding between the probe and surrounding soil (friction).
The effect of soil strength is to produce a constant momentum resistance for cohesive soils and an increasing momentum resistance with depth for cohesionless frictional soils. Soil inertia momentum resistance increases with the square of the probe velocity, the probe deceleration, the final compacted soil density, and with a decreasing soil compaction coefficient. Friction between the probe and soil depends on the coefficient of friction between the probe and soil, the normal pressure acting against the probe, and the area of probe surface in contact with the soil. The normal pressure against the probe is dominated by momentum change from soil strength and inertia. All of the momentum loss factors are affected by probe geometry including cone half-angle and the probe radius and length. This produces a set of coupled equations that describe each of the four stages of penetration (cone entry, cone burial, aftbody entry, and aftbody burial), which are solved through recursion relations.
The ability of the model to calculate the correct form of penetrator deceleration for a frictional soil (compare Fig.  3 with Fig. 1a) and to accurately predict the depth of penetration using actual soil properties without arbitrary fit parameters indicates that the model contains reasonable physically based algorithms. The soil maximum fractional density derived from matching model-calculated depth of penetration with measurement agreed to within a few percent. The values measured in the laboratory demonstrate the constraints that a physical model places on the range of possible soil parameters that can be used when fitting model results with experiment. Probe deceleration analysis can provide information on soil type, strength, compaction, and a qualitative estimate of grain sizes. Relationships between undrained shear strength and the California Bearing Ratio test and resilient modulus may provide a pathway to interpreting soil properties derived from low-velocity probe measurements with subgrade properties that are important for pavement design and evaluation and mobility analyses. Improvements to the model will require experiments to improve our understanding of near-surface soil failure processes that produce craters and the relationship between soil type and texture on the magnitude and overall deceleration history of a probe.
where L HI is the distance between reference points H and I in Fig. 2b . 
